Abstract. We introduce a notion of symmetric Whitney tower cobordism between bordered 3-manifolds, aiming at the study of homology cobordism and link concordance. It is motivated by the symmetric Whitney tower approach to slicing knots and links initiated by T. Cochran, K. Orr, and P. Teichner. We give amenable Cheeger-Gromov ρ-invariant obstructions to bordered 3-manifolds being Whitney tower cobordant. Our obstruction is related to and generalizes several prior known results, and also gives new interesting cases. As an application, our method applied to link exteriors reveals new structures on (Whitney tower and grope) concordance between links with nonzero linking number, including the Hopf link.
Introduction
It is well known that Whitney towers and gropes play a key rôle in several important problems in low dimensional topology, particularly in the study of topology of 4-manifolds and concordance of knots and links. Whitney towers and gropes approximate embedded 2-disks, 2-spheres, and more generally embedded surfaces, in a 4-manifold. Roughly, a Whitney tower can be viewed as (the trace of) an attempt to apply Whitney moves repeatedly to remove intersection points of immersed surfaces in dimension 4; it consists of various layers of immersed Whitney disks which pair up intersection points of prior layers. A grope in a 4-manifold consists of embedded surfaces with disjoint interiors which represent essential curves on prior layer surfaces as commutators.
In this article we are interested in symmetric Whitney towers and gropes, which have a height. These are analogous to the commutator construction of the derived series. We remark that Whitney towers and gropes related to the lower central series are also often considered. Although these Whitney towers and gropes still give interesting structures concerning links and 4-dimensional topology (for example, see the recent remarkable work of J. Conant, R. Schneiderman, and P. Teichner surveyed in [CST11] ), it is known that symmetric Whitney towers and gropes are much closer approximations to embedded surfaces that give extremely rich theory.
Our main aim is to study homology cobordism of 3-manifolds with boundary using symmetric Whitney towers in dimension 4 and amenable Cheeger-Gromov ρ-invariants. Our setting is strongly motivated by the symmetric Whitney tower approach to the knot (and link) slicing problem which was first initiated by T. Cochran, K. Orr, and P. Teichner [COT03] , and the amenable L 2 -theoretic technique for the Cheeger-Gromov ρ-invariants due to Orr and the author [CO12] . As a new application that known Whitney tower frameworks do not cover, we study concordance between links with nonzero linking number. In particular we investigate Whitney tower and grope concordance to the Hopf link.
Symmetric Whitney tower cobordism of bordered 3-manifolds. First we introduce briefly how we adapt the Whitney tower approach in [COT03] for homology cobordism of bordered 3-manifolds.
Recall that a 3-manifold M is bordered by a surface Σ if it is endowed with a marking homeomorphism of Σ onto ∂M . For 3-manifolds M and M ′ bordered by the same surface, one obtains a closed 3-manifold M ∪ ∂ −M ′ by glueing the boundary along the marking homeomorphism. A 4-manifold W is a relative cobordism from M to
A relative cobordism W from M to M ′ is a homology cobordism if the inclusions induce isomorphisms H * (M ; Z) ∼ = H * (W ; Z) ∼ = H * (M ′ ; Z). Initiated by S. Cappell and J. Shaneson [CS74] , understanding homology cobordism of bordered manifolds is essential in the study of manifold embeddings, in particular knot and link concordance. This also relates homology cobordism to other key problems including topological surgery on 4-manifolds.
As a surgery theoretic Whitney tower approximation to a homology cobordism, we will define the notion of a height h Whitney tower cobordism W between bordered 3-manifolds (h ∈ 1 2 Z ≥0 ). Roughly speaking, our height h Whitney tower cobordism is a relative cobordism between bordered 3-manifolds, which admits immersed framed 2-spheres satisfying the following: while the 2-spheres may not be embedded, these support a Whitney tower of height h, and form a "lagrangian" in such a way that if the 2-spheres were homotopic to embeddings then surgery along these would give a homology cobordism. For a more precise description of a Whitney tower cobordism, see Definition 2. 7 .
It turns out that a height h Whitney tower cobordism can be deformed to another type of a relative cobordism satisfying a twisted homology analogue of the above Whitney tower condition, which we call an h-solvable cobordism. Roughly speaking, it is a cobordism which induces an isomorphism on H 1 and admits a certain "lagrangian" and "dual" for the twisted intersection pairing associated to (quotients by) derived subgroups of the fundamental group. See Definition 2.8 and Theorem 2.9 for details. Our h-solvable cobordism can be viewed as a relative version of the notion of an h-solution first introduced in [COT04] .
Amenable signature theorem. In order to detect the non-existence of a Whitney tower cobordism, we show that certain amenable L 2 -signatures, or equivalently Cheeger-Gromov ρ (2) -invariants, give obstructions to bordered 3-manifolds being height h Whitney tower cobordant. Interestingly, for the height n.5 obstructions stated below, we have two alternative hypotheses on the first L 2 -Betti numbers: zero or large enough. In what follows b For the definition of amenable groups and Strebel's class D(R) [Str74] , see Definition 3.1. To prove Amenable Signature Theorem 3.2, we use extensively the L 2 -theoretic techniques developed by Orr and the author in [CO12] , [Cha] . For more details and related discussions, see Section 3.
Amenable Signature Theorem 3.2 generalizes several prior known cases (discussed in more detail in Section 3.3). First, it specializes to the amenable signature obstructions to knots being n.5-solvable given in [Cha] , and Cochran-Orr-Teichner's PTFA signature obstructions [COT03] . Also, from our result it follows that Harvey's homology cobordism invariant ρ n for closed 3-manifolds [Har08] associated to her torsion-free derived series is an obstruction to being Whitney tower cobordant.
Moreover, Amenable Signature Theorem 3.2 for the condition (I) provides an interesting new case. In Section 3.2 we discuss some instances of bordered 3-manifolds for which the first L 2 -Betti number vanishes. This will be used to give applications to links with nonvanishing linking number, as described below.
Symmetric Whitney tower concordance of links. Our setting for bordered 3-manifolds is useful in studying geometric equivalence relations of links defined in terms of Whitney towers and gropes. We recall that two m-component links L and L ′ in S 3 are concordant if there are m disjointly embedded locally flat annuli in S 3 × [0, 1] cobounded by components of L × 0 and −L ′ × 1. Again, approximating embedded annuli by Whitney towers, one defines height h (symmetric) Whitney tower concordance: embedded annuli in the definition of concordance are replaced with transverse immersed annuli which admit a Whitney tower of height h (see Definition 2.12). Height h (symmetric) grope concordance between links is defined similarly, replacing disjoint annuli with disjoint height h gropes (see Definition 2.15).
Schneiderman showed that if L and L ′ are height h grope concordant, then these are height h Whitney tower concordant [Sch06] . Furthermore, following the lines of [COT03] , one can observe that if two links are height h + 2 Whitney tower concordant, then their exteriors are, as bordered 3-manifolds, height h Whitney tower cobordant (see Theorem 2.13). Therefore Amenable Signature Theorem 3.2 gives obstructions to links being Whitney tower (and grope) concordant.
Summarizing, we have the implications illustrated in Figure 1 . Compared to the slicing problem, the more general case of concordance between links with possibly nonvanishing linking number has been less studied. Note that the question of whether two given links are concordant is not directly translated to a link slicing problem, while for knots it can be done via connected sum.
The case of linking number one two component links has received some recent attention. It is remarkable that such links bear a certain resemblance to knots, where the Hopf link is analogous to the unknot. In this sense these may be viewed as "small" links. For example, while in many cases (e.g., for boundary links) there are large nilpotent representations of the fundamental group of a link complement which eventually lead us to interesting link concordance invariants, it can be seen that there is no useful nonabelian nilpotent representations for two component links with linking number one, similarly to the knot case.
Classical abelian invariants such as the Alexander polynomial give primary information for the linking number one case, and as a partial converse J. Davis showed that any two-component link with Alexander polynomial one is topologically concordant to the Hopf link [Dav06] . This result, which may be viewed as a link analogue of the well-known result of Freedman on Alexander polynomial one knots [Fre84] , illustrates another similarity between knots and "small" links. We remark that recently T. Kim FP] . They conjectured that their invariant vanishes for links which are height 3.5 Whitney tower concordant to the Hopf link. Recently M. Kim has confirmed this conjecture, using our framework of Whitney tower cobordism. He has also related known abelian invariants to low height Whitney tower concordance for linking number one links.
Our method reveals new sophisticated structures concerning linking number one links not concordant to the Hopf link. This may be viewed as an analogue of the study of knots using higher order L 2 -invariants, beyond abelian and metabelian invariants. An advantage of our setup for the higher order invariants is that we can use the exterior of a link instead of the zero-surgery manifold which is used in recent works on L 2 -invariants for links. We remark that for two component links with linking number one, the zero-surgery manifold is a homology 3-sphere and consequently has no interesting solvable representations; this is a reason that several recent techniques of higher order L 2 -invariants do not apply directly to this case.
Using our Amenable Signature Theorem 3.2 applied to link exteriors, we prove the following result:
Theorem 4.1. For any integer n > 2, there are links with two unknotted components which are height n grope concordant (and consequently height n Whitney tower concordant) to the Hopf link, but not height n.5 Whitney tower concordant (and consequently not height n.5 grope concordant) to the Hopf link.
We remark that more applications of our methods, including those on homology cylinders, will be presented in other papers.
Results in this article hold in both topological category (with locally flat submanifolds) and smooth category. For a related discussion, see Remark 2. 19 . Manifolds are assumed to be connected, compact, and oriented, and H * (−) denotes homology with integral coefficients unless stated otherwise.
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Whitney tower cobordism
In this section we formulate a notion of symmetric Whitney tower approximations of homology cobordism. This gives a setup generalizing the approach to the knot and link slicing problem initiated in [COT03] . In what follows, to make the exposition more readable, we discuss some motivations and backgrounds as well. Readers familiar with the notion of Whitney towers, gropes, and the approach of [COT03] may proceed to the next section after reading only key definitions and statements of our setup: Definitions 2.3 (0-lagrangian), 2.7 (Whitney tower cobordism), 2.8 (h-solvable cobordism), Theorems 2.9 (Whitney tower cobordism ⇒ solvable cobordism), 2.13 (Whitney tower/grope concordance ⇒ Whitney tower cobordism).
Homology cobordism and H 1 -cobordism of bordered 3-manifolds
Recall that a relative cobordism W between bordered 3-manifolds M to M ′ is a manifold with ∂W = M ∪ ∂ −M ′ , and that W is a (relative) homology cobordism if H * (M ) ∼ = H * (W ) ∼ = H * (M ′ ) under the inclusion-induced maps. As an abuse of notation we often
Our primary example of a homology cobordism is obtained from knots and links. 
We will often say "homology cobordism" and "H 1 -cobordism", omitting the word "relative", when it is clear that these are between bordered 3-manifolds from the context. We remark that in many cases a cobordism can be surgered, below the middle dimension, to an H 1 -cobordism.
The next step is to investigate whether one can eliminate H 2 (W, M ) by doing surgery; for an H 1 -cobordism W , it is easily seen that H i (W, M ) = 0 for i = 2 and H 2 (W, M ) is a free abelian group onto which H 2 (W ) surjects. For the convenience of the reader a proof is given in Lemma 2.20 in Section 2.5 below. 
Definition 2.3 which uses integral coefficients is a precursor to the notion of an nlagrangian, which will be defined in the next subsection in terms of intersection forms over twisted coefficients.
We remark that one can switch the rôle of M and M ′ in Definition 2.3 as expected, since using Poincaré duality it can be seen that L ⊂ H 2 (W ) projects isomorphically onto a half-rank summand in H 2 (W, M ) if and only if L does in H 2 (W, M ′ ). We also remark that the following is a standard fact, which is proven along the lines of the standard surgery approach. We give proofs of these two facts in Section 2.5 below, for the convenience of the reader.
Proposition 2. 4 . If an H 1 -cobordism W between bordered 3-manifolds M and M ′ admits a 0-lagrangian L generated by disjoint framed 2-spheres embedded in W , then W can be surgered to a homology cobordism between M and M ′ .
Symmetric Whitney tower cobordism of bordered 3-manifolds
As suggested in Proposition 2.4 above, one seeks disjointly embedded framed spheres generating a 0-lagrangian of an H 1 -cobordism. As approximations of embeddings, we recall the notion of a symmetric Whitney tower. (1) A symmetric Whitney tower of height n based on S is a sequence C 0 , . . . , C n such that C 0 = S, and for k = 1, . . . , n, C k is a collection of transverse framed immersed Whitney disks that pair up all the intersection points of C k−1 and have interior disjoint to surfaces in C 0 ∪ · · · ∪ C k−1 . (2) A symmetric Whitney tower of height n.5 based on S is a sequence of collections C 0 , . . . , C n , C n+1 such that C 0 , . . . , C n+1 satisfy the defining condition of a Whitney tower of height n + 1 except that the interior of C n+1 is allowed to meet C n , while it is still required to be disjoint to C 0 ∪ · · · ∪ C n−1 . We call C k the kth stage, and Whitney disks in C k are said to be of height k.
Here, intersection points of C k designate both self-intersections of a surface in C k and intersections of distinct surfaces. ( We remark that we may assume that no Whitney disk has self-intersections by "Whitney tower splitting" [Sch06, Section 3.7].) We always assume that Whitney towers are framed in the sense that for each Whitney disk D that pairs intersections of two sheets, the unique framing on D gives rise to the Whitney section on ∂D, which is defined to be the push-off of ∂D along the tangential direction of one sheet and along the normal direction of another sheet (avoiding the tangential direction of D). We remark that if a collection of framed immersed 2-spheres S i admits a Whitney tower of height > 0, then it is easily seen that both the intersection number λ( (
and generated by framed immersed 2-spheres for which λ and µ vanish. (2) We say that W is a height h Whitney tower cobordism if there is a framed spherical lagrangian generated by framed immersed 2-spheres admitting a Whitney tower of height h. If there exists such W , we say that M is height n.5 Whitney tower cobordant to M ′ .
From Lemma 2.6, the following is immediate: there is a framed spherical lagrangian if and only if there exist immersed 2-spheres that generate a 0-lagrangian in H 2 (W ) and support a Whitney tower of height 0.5.
Solvable cobordism of bordered 3-manifolds
Following the ideas of [COT03, Definitions 8.5, 8.7 and Theorems 8.6, 8.8], we relate Whitney towers to lagrangians admitting duals. Later this will enable us to obtain amenable L 2 -signature invariant obstructions. Our definition below, which is for bordered 3-manifolds, is also similar to the notion of h-cylinders considered by Cochran and Kim for closed 3-manifolds with first Betti number one [CK08b, Definition 2.1].
We fix some notation. For a group G, G (n) denotes the nth derived subgroup defined by
be the intersection form. We say that a closed surface immersed in W is an n-surface if it represents an element in H 2 (W ; Z[π/π (n) ]), namely it lifts to the regular cover of W with fundamental group π (n) .
Definition 2.8. Suppose W is an H 1 -cobordism between bordered 3-manifolds M and
it has an (n + 1)-lagrangian (resp. n-lagrangian) with n-duals.
We remark that the notion of an h-solvable cobordism is a relative analogue of an h-solution introduced in [COT03] , as mentioned in the introduction. (1) M and M ′ are height n.5 Whitney tower cobordant.
(2) There is an H 1 -cobordism between M and M ′ which has a framed spherical lagrangian admitting n-duals. (3) M and M ′ are n.5-solvably cobordant.
Proof. First, (2) implies (3) since a framed spherical lagrangian is an (n + 1)-lagrangian. The implication (1) ⇒ (2) is proven by an argument similar to [COT03, Proof of Theorem 8.4 ] (see the part entitled " the induction step r → r − 1"). The point is that for our purpose we do not need the assumption of [COT03] that the concerned 4-manifolds are spin. We give details for concreteness and for the reader's convenience.
Suppose W is an H 1 -cobordism from M to M ′ , and a spherical lagrangian for W is generated by framed immersed 2-spheres ℓ i which support a Whitney tower of height h and admit r-duals d j . We will show, if h ≥ 1.5, there is an H 1 -cobordism from M to M ′ with a spherical lagrangian generated by framed immersed 2-spheres which support a Whitney tower of height h − 1 and admit (r + 1)-duals. From this our conclusion follows by an induction on r starting from (h, r) = (n.5, 0); one can start the induction since a spherical lagrangian always admits 0-duals by Lemma 2.21 stated and proved later (see Section 2.5).
The claim is proven as follows. Let C be the given Whitney tower of height h. By pushing down intersections as in [FQ90, Section 2.5] we may assume that each d j does not meet height > 0 part of C. By tubing if necessary, one may assume the geometric intersection of ℓ i and d j is precisely δ ij . Denote the collection of the Whitney circles pairing intersections of the ℓ i by {α k }, and let ∆ k be the height 1 Whitney disk bounded by α k . Choose one of the two intersection points lying on α k , and around it, choose a linking torus T k (see [FQ90, p. 12] ) which is disjoint from the ℓ i and d j . We may assume that T k intersects C at a single point on ∆ k . Let x k and y k be the standard basis curves on T k based at T k ∩C. Since x k and y k are meridians of some of the ℓ i , these are conjugate
Now do surgery on W along pushoffs of the α k taken along the ∆ k direction to a new 4-manifold, in which we have framed embedded 2-disks b k bounded by α k . By Whitney moves along the b k , isotope the ℓ i to disjointly embedded framed 2-spheres. Doing surgery along these 2-spheres, we obtain another new 4-manifold, say W ′ . The framed immersed 2-spheres ℓ ′ k := ∆ k ∪ ∂ b k together with height ≥ 2 Whitney disks of C form a Whitney tower of height h − 1. Since h − 1 ≥ 0.5, the intersection λ and self-intersection µ vanish on the ℓ ′ k . Direct computation of the rank of H 2 shows that the ℓ ′ k form a framed spherical lagrangian for W ′ . Since the geometric intersection of ℓ ′ k and T l is precisely δ kl , the T k are (r + 1)-duals.
Remark 2.10. In [COT03] they make an additional assumption that the concerned 4-manifolds are spin. If one adds the similar spin condition and self-intersection vanishing condition to our definitions, then the arguments in [COT03] can be carried out to show that all the statements (1), (2), and (3) in Theorem 2.9 are equivalent. A key technical point is that the spin assumption implies that k-duals are represented by surfaces which are automatically framed.
Remark 2.11. One can also show the following: if M and M ′ are height n Whitney tower cobordant, then M and M ′ are n-solvably cobordant. Indeed, applying the induction as in the above proof, one obtains a spherical lagrangian supporting a height one Whitney tower together with (n−1)-duals. Applying the induction argument once more, one now obtains framed immersed spheres ℓ ′ k and the tori T k which are n-surfaces, but now the ℓ k may have non-vanishing intersection λ. Nonetheless, since the tori T k are mutually disjoint, one sees that the T k form an n-lagrangian and the ℓ k are their n-duals.
Symmetric Whitney tower concordance and grope concordance of links
Recall that two m-component links L and L ′ in S 3 are concordant if there is a collection of m disjoint cylinders properly embedded in S 3 × [0, 1] joining the corresponding components of L × 0 and −L ′ × 1. We always assume links are ordered.
It is natural to think of immersed cylinders supporting Whitney towers, as an approximation of honest concordance. Note that "height h − 1" is not a typo. This is because the following convention: the immersed annuli C i are said to be the height one part of the Whitney tower concordance. (−L × 0 ∪ L ′ × 1 is said to be the height zero part; see also [COT03, Definition 7.7] .)
The following is a Whitney tower analogue of the fact that the exteriors of concordant links are, as bordered 3-manifolds, relatively homology cobordant.
Theorem 2. 13 . If two links are height h + 2 Whitney tower concordant, then their exteriors are height h Whitney tower cobordant, as bordered 3-manifolds.
The proof is parallel to that of [COT03, Theorem 8.12 ]. Details are omitted. Another well-known notion generalizing link concordance is grope concordance. We consider symmetric gropes only, which have a height. For the reader's convenience we give definitions below.
Definition 2.14. Let n be a nonnegative integer. A grope of height n based on a circle γ is defined inductively as follows. A grope of height 0 based on γ is γ itself. A grope of height n based on γ consists of a genus g oriented surface S bounded by γ, and 2g symmetric gropes of height n − 1 based on a circle which is attached to S along 2g simple closed curves a 1 , . . . , a g , b 1 , . . . , b g on S which form a symplectic basis (that is, the geometric intersections are given by a i ·a j = 0 = b i ·b j , a i ·b j = δ ij ). A grope of height n.5 based on γ consists of a genus g oriented surface S bounded by γ and g symmetric gropes of height n based on a circle attached to S along the half basis curves a i , and g symmetric gropes of height n − 1 based on a circle attached to S along the remaining curves b j . The surface S above is called the 1st stage of the grope.
An annular grope of height h is defined by replacing S above with a genus g oriented surface with two boundary components.
A grope embeds into R 3 in a standard way, and then into R 4 via R 3 ⊂ R 4 . A framed embedding of a grope in a 4-manifold is an embedding of a regular neighborhood of its standard embedding in R 4 . We remark that the converse of Theorem 2.16 is unknown, while the asymmetric analogue (obtained by replacing "height" with "order") and its converse are both true due to [Sch06] .
Applying Theorem 2.13 and Theorem 2.9, we obtain the following result immediately:
Corollary 2.17. If two links are height n + 2.5 Whitney tower concordant or height n + 2.5 grope concordant, then their exteriors are n.5-solvably cobordant, as bordered 3-manifolds. 
Basic properties of an H 1 -cobordism
In this section we give proofs of a few basic observations used in the earlier parts of this section, for completeness and for the convenience of readers.
Lemma 2.20. Suppose W is an H 1 -cobordism between bordered 3-manifolds M and M ′ . Then the following hold:
(2) W is a homology cobordism if and only if
and H 2 (W, M ′ ) are torsion-free abelian groups of the same rank.
Proof. (3) and (1) i<2 follow from the long exact sequence and the H 1 -cobordism condition. By the Poincaré duality for relative cobordism and the universal coefficient theorem, we have
Lemma 2.21. Suppose W is an H 1 -cobordism between bordered 3-manifolds M and M ′ and ℓ 1 , . . . , ℓ m ∈ H 2 (W ).
(1) If the ℓ i form a basis of a summand of
We remark there are several useful consequences of Lemma 2.21. First, it follows that any 0-lagrangian has 0-duals. From this Proposition 2.4 follows, since surgery on framed embedded spheres generating a 0-lagrangian eliminates the 0-duals as well. Finally, in Definition 2.3, the rôles of M and M ′ can be switched.
be the relative Poincaré duality isomorphism. Extend the classes of the ℓ i to a basis of H 2 (W, M ) and choose a basis of
is surjective, the dual basis elements are represented by some d i ∈ H 2 (W ). By definition, viewing λ 0 as H 2 (W ) → Hom(H 2 (W ), Z), λ 0 is the composition of inclusion-induced maps with the isomorphism P D :
(2) Let A = Z 2m which is endowed with the standard basis {e i }, and f : A → H 2 (W, M ) and g : A → H 2 (W, M ′ ) be the maps sending e i to the image of ℓ i for i ≤ m and to the image of d i−m for i > m. Then the composition
is represented by the block matrix 0 I I * . In particular it is an isomorphism. Since all the terms in the composition are free abelian groups of rank 2m, it follows that f is an isomorphism.
Amenable signature theorem for Whitney towers
We denote by N G the group von Neumann algebra of a discrete countable group G. For a finitely generated N G-module M , the L 2 -dimension dim (2) M ∈ R ≥0 can be defined. For more information on N G and the L 2 -dimension, see Lück's book [Lüc02] and his paper [Lüc98] . Also [Cha, Section 3.1] gives a quick summary of the definition and properties of the L 2 -dimension which are useful for our purpose.
The algebra N G is endowed with the natural homomorphism ZG → N G, so that one can view N G as a N G-ZG bimodule. For a finite CW pair (X, A) endowed with π 1 (X) → G, its cellular homology H * (X, A; N G) with coefficients in N G is defined to be the homology of the chain complex N G ⊗ ZG C * (X, A; ZG). We denote the L 2 -Betti number by b
When the choice of π 1 (X) → G is clearly understood, b
We denote by b i (X, A; R) the ordinary Betti number dim R H i (X, A; R) for a field R,
For a closed 3-manifold M and a homomorphism φ : π 1 (M ) → G into a discrete countable group G, we denote the von Neumann-Cheeger-Gromov ρ-invariant by ρ (2) (M, φ) ∈ R. See, for example, [COT03, Section 5] as well as [CW03, Har08, Cha08, CO12] as references providing definitions and properties of ρ (2) (M, φ) useful for our purpose.
Definition 3.1.
(1) A discrete group G is amenable if there is a finitely additive measure on G which is invariant under the left multiplication. (2) For a commutative ring R with unity, a group G lies in Strebel's class D(R) if a homomorphism α : P → Q between projective RG-modules is injective whenever
The main result of this section is stated below.
Theorem 3.2 (Amenable Signature Theorem for solvable cobordism). Suppose W is a relative cobordism between two bordered 3-manifolds M and M ′ , G is an amenable group lying in D(R), R = Z/p or Q, and
, and either one of the following conditions holds:
(I) W is an n.5-solvable cobordism and b
Remark 3.3.
(1) The class of amenable groups in D(R) is large. For example see [CO12] , especially Lemma 6.8 and the discussion above it. As a special case, Theorem 3.2 can be applied when G is a PTFA group satisfying G (n+1) = {e}.
(2) Case (I) provides a new interesting case. Section 3.2 gives some useful instances to which case (I) applies. In particular case (I) will be used to provide new applications to links with nonvanishing linking number in this paper. See Section 4. Cases (II) and (III) are closely related to previously known results. See Section 3.3. Further applications of (II) and (III) will be given in other papers. (3) The assumption |φ(π 1 (M ))| = ∞ in case (II) is not severe, since in many cases we are interested in infinite covers of M to extract deeper information.
Recall from Corollary 2.17 that if two links are height h + 2 Whitney tower (or grope) concordant, then their exteriors are h-solvable cobordant. Therefore Theorem 3.2 also obstructs height n + 2.5 and n + 3 Whitney tower (and grope) concordance of links.
The proof of Theorem 3.2 is given in Section 3.1. Readers more interested in its applications and relationship with previously known results may skip the proof and proceed to Sections 3.2, 3.3, and then to Section 4.
Proof of Amenable Signature Theorem 3.2
To prove Theorem 3.2, we need estimations of various L 2 -dimensions. One of the primary ingredients is the following result which appeared in [Cha] : (1) Suppose G is amenable and in D(R) with R = Q or Z/p, and C * is a projective chain complex over ZG with C n finitely generated. Then we have
(2) In addition, if {x i } i∈I is a collection of n-cycles in C n , then for the submodules
Lemma 3.5 below states various Betti number observations for an H 1 -cobordism. We remark that only Lemma 3.5 (1), (2) are used in the proof of Amenable Signature Theorem 3.2 (I) and (III). Lemma 3.5 (3)-(7) are used in the proof of case (II).
Lemma 3.5. Suppose W is a relative H 1 -cobordism between M and M ′ , R = Q or Z/p, and φ : π 1 (W ) → G is a homomorphism into an amenable group G in D(R). Then the following hold:
Proof. Recall that W , M , M ′ are all assumed to be connected by our convention.
(1) Applying Theorem 3.4 (1) to the chain complex C * (W, M ; ZG), it follows that b 
From (1) above with M ′ in place of M , it follows that b . From the long exact sequence of (W, M ), the second equality follows.
(7) The conclusion follows from the exact sequence
Proof of Theorem 3.2. Recall from our assumption that W is an H 1 -cobordism between M and M ′ and φ : π 1 (W ) → G is a homomorphism where G is amenable and in D(R) and G (n+1) = {e}.
where sign (2) W denotes the L 2 -signature of W over N G, and sign W is the ordinary signature.
Since H 2 (W ) → H 2 (W, M ) is surjective by Lemma 2.20, the ordinary intersection pairing of W is defined on H 2 (W, M ) as a nonsingular pairing. Furthermore, since there is a 0-lagrangian, this intersection pairing is of the form 0 I I * . From this it follows that sign W = 0.
In the remaining part of the proof we show sign (2) W = 0. By definition sign (2) W is the L 2 -signature of the intersection form
This induces a hermitian form, say λ A , on A := Im{H 2 (W ; N G) → H 2 (W, ∂W ; N G)}, and λ A is L 2 -nonsingular in the sense of [Cha, Section 3.1], namely both the kernel and cokernel of the associated homomorphism A → A * = Hom(A, N G) given by a → (b → λ(b, a)) have L 2 -dimension zero. We have sign (2) W = sign (2) λ A since the intersection form vanishes on the image of H 2 (∂W ; N G).
Now we consider the three given cases. To simplify notations we write π = π 1 (W ), m = 
Case (I).
For notational convenience, we exchange the rôles of M and M ′ , namely assume b
Note that the images of L in H 2 (W, M ; R) and H 2 (W, ∂W ; R) have R-dimension m, since the image of L in H 2 (W ; R) has 0-duals by Lemma 2.21 (1). Applying Theorem 3.4 (2) to a collection of 2-cycles in C * (W, M ; ZG) generating the submodule L ′ ⊂ H 2 (W, M ; N G), and then by applying Lemma 3.5 (2), we obtain
By duality we have b
1 (M ′ ) = 0. Looking at the exact sequence of the triple (W, ∂W, M )
the second homomorphism α is L 2 -monic, namely its kernel is of L 2 -dimension zero. From this and the above paragraph, it follows that dim
On the other hand, since the map .) In our case, it follows that sign (2) λ A = 0. This completes the proof of (I).
Case (II).
Recall the assumption that W is an n.5-solvable cobordism, |φ(π 1 (M ))| = ∞, and b
Let A, L ′′ be as in case (I). We will use alternative estimates of the L 2 -dimensions to show that dim (2) L ′′ ≥ 1 2 dim (2) A. First, applying Theorem 3.4 (2) to (the 2-cycles generating) L ′′ as a submodule of H 2 (W, ∂W ; N G) and then using Poincaré duality, we obtain
By looking at the homology long exact sequence for (W, ∂W ), we have
Computing the Euler characteristic of W using b i (W ; R) and then using b
by Lemma 3.5 (3), (4), (5), and (6). Plugging this into the last inequality and then using the fact H 1 (W ; R) ∼ = H 1 (M ; R) and Lemma 3.5 (7), it follows that
A under our hypothesis. This proves (II).
Case (III). Now suppose W is an (n + 1)-solvable cobordism. Suppose that L is an (n + 1)-lagrangian generated by ℓ 1 , .
A. This completes the proof of (III).
Vanishing of the first L 2 -Betti number
In this subsection we discuss some cases to which Amenable Signature Theorem 3.2 (I) applies. We begin with a general statement providing several examples with vanishing first L 2 -Betti number, which generalizes [Cha, Lemma 3.12], [COT03, Proposition 2.11].
Proposition 3.6. Suppose G is amenable and lies in D(R) for R = Z/p or Q. Suppose A → X is a map between connected finite complexes A and X inducing a surjection H 1 (A; R) → H 1 (X; R). If φ : π 1 (X) → G is a homomorphism which induces an injection π 1 (A) → G, then b 
is injective, since tensoring it with R one obtains H 1 (A; R) → H 1 (M ; R). Therefore by Proposition 3.6 we conclude that b
1 (M ) = 0. We will investigate an application of Theorem 3.2 (2) to this case in Section 4.
Knot exteriors. Proposition 3.6 also applies to (X, A) = (M, µ), where M is the exterior (or the zero-surgery manifold) of a knot and µ is a meridian. Indeed this case is none more than [Cha, 
Relationship with and generalizations of previously known results
Here we discuss some known results on L 2 -signature obstructions as special cases of Theorem 3.2.
Obstructions to knots being n.5-solvable. In [COT03] , the notion of an h-solvable knot was first introduced. A knot K is defined to be h-solvable if its zero-surgery bounds a 4-manifold W called an h-solution (see [COT03,  Definitions 1.2, 8.5, 8,7] ), which is easily seen to be a spin h-solvable cobordism between the exterior of K and that of a trivial knot. The following theorem, which appeared in [Cha] , is an immediate consequence of our Amenable Signature Theorem 3.2 (see also the last paragraph of Section 3.2).
Theorem 3.8 ([Cha, Theorem 1.3]).
If K is an n.5-solvable knot, R = Q or Z/p, G is an amenable group in D(R), G (n+1) = {e}, and φ : π 1 (M (K)) → G is a homomorphism that sends a meridian to an infinite order element and extends to an n.5-solution, then
We note that [Cha, Theorem 3.2], which is a slightly stronger version of Theorem 3.8, is also a consequence of Theorem 3.2. Also, the following theorem of Cochran-OrrTeichner [COT03] is a consequence of our Theorem 3.2 since it follows from Theorem 3.8 as pointed out in [Cha] :
If K is an n.5-solvable knot, G is poly-torsionfree-abelian, G (n+1) = {e}, and φ : π 1 (M (K)) → G is a nontrivial homomorphism extending to an n.5-solution, then ρ (2) (M (K), φ) = 0. Harvey's ρ n -invariant and Whitney tower cobordism. In this subsection we observe that the homology cobordism invariants of Harvey [Har08] are indeed invariant under Whitney tower cobordism.
For a group G, Harvey defined a series of normal subgroups G = G (0) 
) ∈ R is a homology cobordism invariant. This can be strengthened as follows: 
Proof. We will prove (1) and (2) simultaneously. By Theorem 2.9 and Remark 2.11, there is an h-solvable cobordism W between M and M ′ , where h = n + 1 in case of (1) and h = n.5 in case of (2). We have
H , we can apply the Dwyer-type injectivity theorem [CH08, Theorem 2.1] to π 1 (M ) → π 1 (W ) to conclude that the quotient π 1 (M )/π 1 (M ) 
Our Γ satisfies Γ (n+1) = {e}, and is known to be amenable and in D(Q). Also, b 1 (M ) = 0 implies |Γ| = ∞. Therefore by applying Theorem 3.2 (III) and (II), it follows that ρ (2) ( 
from the hypothesis of (1) and (2) respectively.
Harvey's ρ n -invariants and h-solvable links. Harvey and Cochran-Harvey also gave ρ ninvariant obstructions to being h-solvable [Har08, Theorem 6.4], [CH08, Theorem 4.9, Corollary 4.10]. Their relationship with our Amenable Signature Theorem 3.2 is best illustrated in case of links, as discussed below.
The notion of an h-solution of a link L in [COT03] is related to a spin h-solvable cobordism between the exterior E L of L and the trivial link exterior E O , similarly to the knot case, though the details are slightly more technical. We give an outline below, omitting details. Let N be the exterior of the standard slice disks in D 4 for a trivial link O. Given a spin h-solvable cobordism W between E L and E O , it can be seen that 
From this it follows that our Amenable Signature Theorem 3.2 (II) specializes to the ρ n -invariant obstruction to links being n.5-solvable [CH08, Corollary 4.10].
Grope and Whitney tower concordance to the Hopf link
In this section we give an application to concordance of links with nonvanishing linking number. Our goal is to prove the following result:
We remark that the blow-down technique, namely performing (±1)-surgery along one component and then studying the concordance of the resulting knot, might be useful in showing that our links in Theorem 4.1 are not slice. Nonetheless, it is unknown whether the blow-down technique could yield any interesting conclusion about the height of Whitney towers and gropes as our method does.
Satellite construction and capped gropes
To construct our example, we will use a standard satellite construction (often called infection) described as follows: let L be a link in S 3 , and η be an unknotted circle in S 3 which is disjoint from L. Remove a tubular neighborhood of η from S 3 , and then attach the exterior of a knot J along an orientation reversing homeomorphism on the boundary that identifies the meridian and 0-longitude of J with the 0-longitude and meridian of η, respectively. The resulting 3-manifold is again homeomorphic to S 3 , and the image of L under this homeomorphism is a new link in S 3 , which we denote by L(η, J). We note that the same construction applied to a framed circle η embedded in a 3-manifold M gives a new 3-manifold, which we denote by M (η, J).
Recall that a capped grope is defined to be a grope with 2-disks attached along each standard symplectic basis curves of the top layer surfaces (see, e.g., [FQ90, Chapter 2]). These additional 2-disks are called the caps, and the remaining grope part is called the body. We remark that an embedded capped grope in this paper designates a capped grope embedded in a 4-manifold. In particular not only the body but also all caps are embedded, while capped gropes with immersed caps are often used in the literature.
Our construction of grope concordance depends on the following observation. For convenience, we use the following terms. Recall that we denote the exterior of a link L by E L . Definition 4.2. We call (L, η) a satellite configuration of height n if L is a link in S 3 , η is an unknotted circle in S 3 disjoint to L, and the 0-linking parallel of η in E η = E η × 0 bounds a height n capped grope G embedded in E η ×[0, 1] with body disjoint to L×[0, 1]. We call G a satellite capped grope for (L, η).
We remark that by definition a satellite configuration (L, η) of height zero is merely a link L with an unknotted curve η disjoint to L. 
Proof. Suppose H is a satellite capped grope of height m for (K, α). We may assume that the intersection of H with a tubular neighborhood of K × [0, 1] consists of disjoint disks D 1 , . . . , D r lying on caps of H and ∂D i is of the form µ × t i , where µ is a fixed meridian of K and t i ∈ (0, 1) are distinct points.
Suppose G is a satellite capped grope for (L, η). Let U be the union of r parallel copies of G in E η × [0, 1] such that the boundary of U is i (parallel copy of η) × t i . Let
Note that the boundary of V is i µ × t i and µ is identified with a parallel copy of η under the satellite construction. Now
is a desired satellite capped grope of height n + m for (L ′ , α).
We remark that the construction used above may be compared to [Hor10, Section 3]. The following properties of L 0 and η in Figure 2 will be crucially used in this section. In fact any (L 0 , η) with these properties can be used in place of our (L 0 , η).
Building blocks
Lemma 4.4.
(1) The link L 0 is concordant to the Hopf link.
(2) (L 0 , η) is a satellite configuration of height one.
(3) For a = 0, the Alexander module
]-torsion module generated by the homology class of η.
In (3) above, the variables x and y correspond to the right and left components in (2) By tubing the obvious 2-disk, it is easily seen that η bounds an embedded genus one surface in the 3-space which is disjoint to L 0 . In addition one can attach two caps which meet the left and right components of L 0 once, respectively. This gives a desired satellite capped grope of height one.
(3) A straightforward homology computation shows that L 0 has Alexander module It follows that
Since the curve η in Figure 2 is isotopic to (the zero-linking longitude of) the projection of v, a
Seed knots. Another building block is a knot satellite configuration as in Lemma 4.5 stated below.
Lemma 4.5. There exist satellite configurations (K, α) of height one with K a slice knot such that the Alexander module H 1 (E K ; Z[t ±1 ]) of K is nonzero and generated by the homology class of α.
It is folklore that such (K, α) is not rare. For example, [Cha07, Theorem 5.18 ] gives a construction of a ribbon knot with Alexander module Z[t ±1 ]/ P (t) 2 for any polynomial P (t) with integral coefficients satisfying P (1) = ±1 and P (t −1 ) = P (t) up to multiplication by ±t r , and for this knot it is not difficult to see that there is a curve α with the desired property. As an explicit example, straightforward computation shows that Stevedore's knot K with the curve α illustrated in Figure 6 satisfies Lemma 4.5. 
Construction of examples
In the remaining part of this section we assume the following: (C1) (L 0 , η) is a satellite configuration satisfying Lemma 4.4, e.g., the seed link in Figure 2 . (C2) (K 0 , α 0 ), . . . , (K n−2 , α n−2 ) are satellite configurations satisfying Lemma 4.5, e.g., the Stevedore configuration in Figure 6 . (C3) J 0 is a connected sum of copies of a knot satisfying Lemma 4.6.
We define a two-component L by an iterated satellite construction as follows: let
The link L can be described alternatively, by reversing the order of the satellite con-
Note that as in Proposition 4.3, α n−k can be viewed as a curve in
We note that since the curves η and α k are in the commutator subgroup of π 1 (E L 0 ) and π 1 (E K k ) respectively, an induction shows that the top level curve α 0 lies in the nth
Observe that if (L 0 , η) is the one given in Figure 2 , then each component of L n is unknotted since the union of η and any one of the two components of L 0 is a trivial link.
Proposition 4.7. The link L is height n + 2 grope concordant to the Hopf link.
Proof. Note that (L n−1 , α 0 ) is a satellite configuration of height n by Proposition 4.3 applied inductively. Therefore it follows that our L = L n is height n+2 grope concordant to L n−1 by Lemma 4.6. Recall that for a link R and a curve β ⊂ S 3 − R, R(β, J) is concordant to R(β, J ′ ) if J is concordant to J ′ ; a concordance is obtained by filling in (S 3 −ν(β), R)×[0, 1] with the exterior of a concordance between J and J ′ . Applying this inductively to our second description of the links L i , it follows that L n−1 is concordant to L 0 since each K i is slice. Consequently L n−1 is concordant to the Hopf link by Lemma 4.4.
Proof of the nonexistence of Whitney tower concordance
The remaining part of this section is devoted to the proof of the following. From now on H denotes the Hopf link, and L denotes our link constructed above.
Theorem 4.8. The exterior E L of L is not n.5-solvably cobordant to the Hopf link exterior E H .
By Corollary 2.17, it follows that our L is not height n + 2.5 grope (nor Whitney tower) concordant to the Hopf link. This completes the proof of Theorem 4.1.
In the proof of Theorem 4.8, we combine our Amenable Signature Theorem 3.2 with a construction of 4-dimensional cobordisms and a higher order Blanchfield pairing argument, in the same way as done in [Cha, Section 4.3] . This is modeled on (but technically simpler than) an earlier argument due to Cochran, Harvey, and Leidy, which appeared in [CHL09] .
Cobordism associated to an iterated satellite construction. Suppose W is an n.5-solvable cobordism between E L and E H . We recall that associated to a satellite construction applied to a framed circle η in a 3-manifold Y using a knot J, there is a standard cobordism from 
Representations on mixed-type commutator quotients. To construct solvable representations to which we apply Amenable Signature Theorem 3.2, we use mixed-coefficient commutator series {P k π} as in [Cha, Section 4.1] and [CO, Section 3.1]. For the reader's convenience we repeat the definition: for a group π and sequence P = (R 0 , . . . , R n ) where each R k a commutative ring with unity, P k π is defined inductively by P 0 π := π and
Here we state the following facts, which are easily verified from the definition. Suppose P = (R 0 , . . . , R n ) where R k = Q for k < n and R n = Q or Z/p for p a fixed prime. Then for k ≤ n, P k π is the kth rational derived subgroup. In particular π/P k π is PTFA for k ≤ n. We have π (k) ⊂ P k π, and consequently for G = π/P n+1 π, G (n+1) = {e}. Also, by [Cha, Lemma 4.3] , G is amenable and in D(R n ). For W 0 defined above, we have the following:
A special case of Theorem 4.10. The projection
sends the meridian of J 0 that lies in M (J 0 ) ⊂ ∂W 0 to an element in the abelian subgroup P n π 1 (W 0 )/P n+1 π 1 (W 0 ) which has order ∞ if R n = Q, and has order p if R n = Z/p.
Its proof is deferred to Section 4.5.
Application of Amenable Signature Theorem. As an abuse of notation, we denote by φ 0 various homomorphisms induced by φ 0 (e.g., the restrictions of
G (X) − sign(X). Then, the ρ (2) -invariant of ∂W 0 is given by
Recall that W n is assumed to be an n.5-solvable cobordism between E H and E L . Since the abelianization π 1 (W n ) → Z 2 decomposes as π 1 (W 1 )
1 (E H ; N G) = 0 by Theorem 3.7. Therefore, by applying our Amenable Signature Theorem 3.2 (I), we obtain
Also, according to [CHL09, Lemma 2.4], S G (E k ) = 0 for each k. It follows that
Due to Cheeger and Gromov [CG85, p. 23 ] (see also the discussion of [CT07, Theorem 2.9]), for any closed 3-manifold M there is a bound C M such that |ρ (2) (M, φ)| ≤ C M for any homomorphism φ of π 1 (M ). Therefore, if
then we derive a contradiction. That is, E L and E H are not n.5-solvably cobordant. The invariant ρ (2) (M (J 0 ), φ 0 ) can be given explicitly as follows. By Theorem 4.10, the map φ 0 restricted on π 1 (M (J 0 )) has image Z if R n = Q, Z/p if R n = Z/p. Therefore by the L 2 -induction property and known computation of the abelian ρ k=0 σ J 0 (e 2πk √ −1/p ), for some prime p, is sufficiently large, then for our link L, the exterior E L is not n.5-solvably cobordant to E H . Consequently L is not height n + 2.5 Whitney tower concordant and not height n + 2.5 grope concordant to the Hopf link.
The last conclusion follows from the first conclusion by applying Corollary 2.17. In particular, since the Cochran-Teichner knot J satisfies Lemma 4.6, if we take as J 0 the connected sum of sufficiently many copies of J, then by Theorem 4.9 our L is not height n + 2.5 Whitney tower concordant (and so not height n + 2.5 grope concordant) to the Hopf link. On the other hand, by Proposition 4.3 and Lemma 4.6 (2), L is height n + 2 grope concordant (and so height n + 2 Whitney tower concordant) to the Hopf link. This proves Theorem 4.1, modulo the proof of Theorem 4.10, which is given next.
Blanchfield bordism and nontriviality of solvable representations
We will complete the proof of Theorem 4.1 by proving the following nontriviality result: . For each k = 0, 1, . . . , n − 1, the projection φ k : π 1 (W k ) → π 1 (W k )/P n−k+1 π 1 (W k ) sends a meridian µ k ⊂ M (J k ) ⊂ ∂W of J k into the abelian subgroup P n−k π 1 (W k )/P n−k+1 π 1 (W k ). Furthermore, φ k (µ k ) has order p if R n = Z/p and k = 0, and has order ∞ otherwise.
We remark that although we use only the case of k = 0 in the proof of Theorem 4.1, we state it in this generality since we need an induction argument for k = n − 1, . . . , 0 in its proof.
Our proof of Theorem 4.10 is a variation of the higher order Blanchfield pairing technique which was first introduced by Cochran, Harvey, and Leidy, but different from arguments in earlier papers (e.g., [CHL09] , [CHL08] , [Cha] ) as discussed below.
The notion of certain 4-manifolds called n-bordisms [CHL09, Definition 5.1] plays an important rôle in understanding the behavior of solvable coefficient systems in earlier works. Its key property is that if a certain rank condition is satisfied (see, e.g., [CHL09, Theorem 5.9, Lemma 5.10]), an n-bordism gives a submodule that annihilates itself under the higher order Blanchfield pairing of the boundary, generalizing the fact that the classical Blanchfield pairing of a slice knot is Witt trivial. This is an essential ingredient used in several papers to investigate higher-order coefficient systems. For example see [CHL09, CHL08, Hor10, Cha] .
Generalizing this, we consider a 4-dimensional bordism that we call a Blanchfield bordism. Indeed for our purpose we need to use Blanchfield bordisms to which prior results of Cochran-Harvey-Leidy [CHL09, Theorem 5.9, Lemma 5.10] for n-bordisms do not apply.
Blanchfield bordism. Throughout this section, R = Z/p or a subring of Q, and G is assumed to be a group whose group ring RG is an Ore domain. Our standard example to keep in mind is the case of a PTFA group G (see [COT03,  When the choice of R is not clearly understood, we call (W, φ) an R-coefficient Blanchfield bordism.
The key property of a Blanchfield bordism is the following. For a 3-manifold M endowed with φ : π 1 (M ) → G and a subring R of KG containing RG, there is the Blanchfield pairing An immediate consequence of Theorem 4.13 is the following:
